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ABSTRACT
In-network computing via smart networking devices is a recent

trend for modern datacenter networks. State-of-the-art switches

with near line rate computing and aggregation capabilities are

developed to enable, e.g., acceleration and better utilization for

modern applications like big data analytics, and large scale dis-

tributed and federated machine learning. We formulate and study

the problem of activating a limited number of in-network com-

puting devices within a network, aiming at reducing the overall

network utilization for a given workload. Such limitations on the

number of in-network computing elements per workload arise, e.g.,

in incremental upgrades of network infrastructure, and are also

due to requiring specialized middleboxes, or FPGAs, that should

support heterogeneous workloads, and multiple tenants.

We present an optimal and efficient algorithm for placing such

devices in tree networks with arbitrary link rates, and further evalu-

ate our proposed solution in various scenarios and for various tasks.

Our results show that having merely a small fraction of network

devices support in-network aggregation can lead to a significant

reduction in network utilization. Furthermore, we show that var-

ious intuitive strategies for performing such placements exhibit

significantly inferior performance compared to our solution, for

varying workloads, tasks, and link rates.
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1 INTRODUCTION
Datacenter networks and their distributed data processing capabili-

ties are the driving force behind leading applications and services,

including search engines, content distribution, social networks and

eCommerce. Recent work has shown that for many of the tasks

performed by such applications, the network (and not server com-

putation) is the actual bottleneck hindering the ability to optimize

computation efficiency and performance [12, 34, 52]. Such bottle-

necks occur, e.g., in distributed and federated machine learning (e.g.,
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AllReduce), and in solutions employing the MapReduce methodol-

ogy for big data tasks, and more generally in scenarios giving rise

to the incast problem [5, 55].

In order to tackle these deficiencies, recent research has been

pushing the concept of in-network computing [41, 43], which sug-

gests offloading a considerable portion of the computation onto

“smart” networking elements, thus relieving end-hosts and servers

from some of the computational tasks, resulting in improved ef-

ficiency and performance. In proposing this paradigm, attempts

were made to characterize the types of computation that could po-

tentially benefit from such an approach [13]. Indeed, recent works

show that modern switches can perform local computation on

packets, like reduce operations, even at line rate [19, 21]. Such

computing switches can be implemented, for example, using SDN

and programmable network elements (e.g., using P4) [9], and have

been shown to significantly improve network utilization, which in

turn improves overall application performance, and resource usage

efficiency [19, 21]. It should be noted that the question of whether

such offloading approaches are beneficial or advised is not without

controversies [36]. However, data aggregation, as performed in, e.g.,

big-data tasks based on MapReduce, and distributed ML, which are

the main use cases considered in our work, are well within consen-

sus, especially when implemented using programmable switches

with co-located accelerators (such as FPGAs).

Bearing these potential benefits in mind, one should note that

employing in-network computing comes at a cost (in the form

of, e.g., hardware or availability limitations), and such capabilities

might not be ubiquitous throughout the network. For example,

this could be the case in an incremental upgrade of the network,

where some (but not all) legacy switches are replaced by more

capable network elements. In addition, in many cases, such in-

network computing require specialized middleboxes, or FPGAs,

which might call for independent, possibly partial, deployment.

Lastly, even if such in-network computing capabilities are indeed

available throughout the network, the available resources required

to support the various workloads requiring such computationmight

not be sufficient for servicing all such workloads. In such a case, one

would need to allocate in-network computing resources sparingly

to the various workloads, to optimize overall system performance.

We therefore focus our attention on in-network computation tasks,

while using a limited number of in-network processing devices.

In particular, we consider the task of data aggregation as it occurs
in, e.g., MapReduce frameworks, or distributed machine learning

using a parameter server. We study such in-network computing

paradigms in tree-based topologies where given a tree network

of switches, each connected to some number of servers (e.g., as

Top-of-Rack switches), our goal is to perform data aggregation by

means of a Reduce operation; We wish to send the aggregated data
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from all the servers in the network, towards a special destination
server 𝑑 . We note that such tree-based topologies are becoming

increasingly popular for distributed machine-learning use cases,

implementing, e.g., AllReduce operations [19, 22, 42].

A simple example of our problem is depicted in Fig. 1, where the

destination server 𝑑 is connected via a tree to six servers. Initially,

each server 𝑖 holds a value 𝑥𝑖 and 𝑑 needs to compute a function

𝑓 (𝑥1, 𝑥2, . . . , 𝑥6) over all the values available at the servers. To per-

form this task more efficiently, we have at our disposal a limited

budget of 𝑘 aggregation switches, which should be deployed (or

activated) in some 𝑘 locations in the tree network. While several

different metrics of interest could be considered, in the current

work we focus on optimizing the utilization complexity, where one
strives to minimize the total transmission time throughout the net-
work while performing the Reduce operation. This is equivalent to

minimizing the average transmission time over all links. When link

rates are the same across the network (e.g., rate 1), the utilization

complexity is proportional (or even identical) to the message com-

plexity [40], the total number of messages sent during the operation.

In this work we consider the more general case of having arbitrary

rates at the links. The utilization complexity therefore serves as

a generalization of message complexity, and can be considered as

a basic metric for the performance of network algorithms, where

we apply it to studying the efficiency of the Reduce operation. We

note that for a given network capacity induced by the link rates,

the ability to maintain a low utilization complexity is expected to

allow supporting more workloads.

The benefit of having an aggregation switch at some location

is that such a switch can perform local aggregation of messages,

i.e., aggregating multiple incoming messages onto a single outgo-
ing message. Hence, the judicious allocation of these aggregation

switches can assist in significantly reducing the utilization com-

plexity. It should be noted that the utilization complexity is closely

correlated with the actual bandwidth consumption (in Bytes) of

the system, while performing a Reduce operation (as we further

demonstrate in Sec. 5).

To better illustrate the notion of utilization complexity, assume,

for example, that server𝑑 needs to compute an aggregate function 𝑓

(e.g., sum) of the 𝑥𝑖 ’s in Fig. 1. Two extreme in-network allocations

are (i) the all-red solution, where no switches serve as aggrega-

tion switches, (i.e., 𝑘 = 0), and (ii) the all-blue solution, where all
switches are aggregation switches, thus requiring the allocation of

𝑘 = 5 aggregation switches. If we assume for simplicity that all link

rates are 1, the all-red solution translates to having a utilization

complexity of 14, as there is an overall of 14 messages traversing

the network, where the all-blue solution will require merely 5 – the

number of edges in the tree.

As it turns out, for non-extremal cases of 𝑘 , finding the optimal

placement of the aggregation switches is not a trivial task, even for

trees, which is the case being studied in this work. This follows from

the fact that the optimal placement of the aggregation switches

depends both on the (possibly complex) tree topology and links

rates, as well as on the (possibly complex) load distribution at the

servers. Moreover, multiple aggregation switches on the unique

path from a server to the tree root introduce dependencies between

the switches, which render standard approaches, like greedy, or

divide and conquer, inapplicable.
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Figure 1: The number of messages on each edge in all-red
and all-blue aggregation trees. Destination computes a func-
tion 𝑓 on 𝑥1, . . . , 𝑥6.

We believe that our problem setup could also be used, for ex-

ample, by cloud providers that can offer such a service as part of

their Network-as-a-Service (NaaS) offerings, where each client can

choose its required amount of aggregation switches based on the

performance it needs.

We note that our work focuses primarily on reducing the band-

width footprint, thus maximizing the effective utilization of the

networking resources. More recently, focus has also been given to

highlighting networking bottlenecks that are due to transport-level

deficiencies, which hinder exploiting the full potential of distributed

applications such as big data tasks and ML [62]. Our proposed ap-

proach can be applied alongside any solutions being thus developed

for other layers of the networking stack.

1.1 Our Contribution
We formulate the Bounded In-network Computing (BIC) problem,

aiming at minimizing the utilization complexity, and present an

optimal and time-efficient algorithm for solving the problem on tree

networks with arbitrary, heterogeneous, link rates. Such topolo-

gies are common in datacenter networks, e.g., fat-tree topologies

[4]. Our algorithm uses dynamic programming with a non-trivial

parameterized potential function.

While our mathematical formulation is for a single workload

(or tenant), we extend it to support multiple workloads that arrive

in an online manner, each requiring the allocation of (some) in-

network aggregation switches. In such a scenario,n each switch

has a limited capacity of workloads it can support. We discuss and

present various properties of our resulting solution, and evaluate

its performance for various server load distribution, network sizes,

and network topologies. In our study, we further consider two

main use cases: (i) MapReduce (using word-count as an illustration),

and (ii) gradient aggregation in distributed machine learning using

a parameter server. We further show the benefits of using our

algorithmwhen compared with several natural allocation strategies.

Our results indicate that a small fraction of aggregation switches

can already significantly diminish the utilization complexity of data

aggregation tasks.

While we use an abstract mathematical model for scatter-gather

type applications, we believe the model, and our algorithmic ap-

proach, alongside the structural properties it uncovers, may well

17



SOAR: Minimizing Network Utilization with Bounded In-network Computing CoNEXT ’21, December 7–10, 2021, Virtual Event, Germany

be suited for further studying other objectives like minimizing the

load on bottleneck links, or minimizing the latency of completing

the data-transfers of a workload.

The rest of the paper is structured as follows. In Sec. 2 we in-

troduce our formal system model. Sec. 3 provides a motivating

example highlighting various aspects of the 𝐵𝐼𝐶 problem. Sec. 4

presents an overview of our optimal algorithm SOAR and the main

theoretical results. We evaluate our algorithm experimentally in

Sec. 5. The formal algorithms and analysis are presented in Section

6. We conclude the paper with related work and discussion in Secs.

7 and 8, respectively. We note that due to space constraints, some

of the proofs have been omitted, and can be found in [45].

2 PRELIMINARIES & SYSTEM MODEL
We consider a system comprising a set of 𝑛 switches S, a set of

servers (workers) W, and a special destination server 𝑑 ∉ W. We

assume there exists a pre-specified root switch 𝑟 ∈ S, and aweighted
tree network𝑇 = (𝑉 , 𝐸,𝜔), where𝑉 = S∪{𝑑} and 𝐸 = 𝐸 ′∪{(𝑟, 𝑑)}
for some 𝐸 ′ ⊆ S2

forming a tree over the set of switches S. Let
𝜔 : 𝐸 ↦→ R+ be the rate function of the links (in messages per

second). For 𝑒 ∈ 𝐸 let 𝜌 (𝑒) = 1

𝜔 (𝑒) . The tree 𝑇 thus consists of

the underlying network topology connecting the switches, and

connecting the root 𝑟 to the destination 𝑑 .

We further assume that all links in 𝐸 are directed towards 𝑑 .

Let 𝜏 (𝑢, 𝑣) denote the unique directed path from 𝑢 to 𝑣 , if such

exist. In particular, every switch 𝑠 ∈ S has a unique parent switch
𝑝 (𝑠) ∈ S defined as the neighbor of 𝑠 on the unique path from 𝑠

to the 𝑑 , 𝜏 (𝑠, 𝑑). In such a case we say 𝑠 is a child of 𝑝 (𝑠), and we

let 𝐶 (𝑠) denote the number of children of switch 𝑠 . When 𝑣 is an

ancestor of 𝑢 let 𝜌 (𝑣,𝑢) = ∑
𝑒∈𝜏 (𝑣,𝑢) 𝜌 (𝑒), and for convenience we

let 𝜌 (𝑠) = 𝜌 ((𝑠, 𝑝 (𝑠))).
We use 𝐷 (𝑠) to denote the distance between switch 𝑠 and the

root 𝑟 , and let ℎ(𝑇 ) = max𝑠 𝐷 (𝑠) denote the height of the tree 𝑇 .
We assume each server𝑤 ∈ W is connected to a single switch

𝑠 (𝑤) ∈ S, and let 𝐿 : S ↦→ N be the function matching each switch

𝑠 with the number of servers connected to 𝑠 . We refer to 𝐿 as the

network load. Each server𝑤 produces a single message, 𝑥𝑤 , which

is forwarded to 𝑠 (𝑤), where we assume every message has size

at most 𝑀 , for some (large enough) constant 𝑀 . The destination

server 𝑑 needs to compute some function 𝑓 (𝑥). Each switch 𝑠 can

be of one of two types, or operates at one of two modes:

(i) an aggregating switch (blue), which can aggregate messages

arriving from its children (each of size at most𝑀), to a single
message (also of size at most 𝑀) and forwards it to its parent

switch 𝑝 (𝑠),1 or
(ii) a non-aggregating switch (red), which cannot aggregate mes-

sages, and simply forwards each message arriving from any

of its children to its parent switch 𝑝 (𝑠).
We denote by Λ ⊆ S the set of switches that are available to

serve as aggregation switches.

Our assumption on the aggregation capabilities of aggregating

switches is satisfied by systems computing, e.g., separable func-

tions [37]; A separable function of two independent values can be

expressed as the product-operator of the values of two individual

1
We assume𝑀 is large enough to hold the value of the function 𝑓 being computed at

every node.

Algorithm 1 Reduce (𝑇, 𝐿,𝑈 )
Require: tree 𝑇 , network load 𝐿, set of blue nodes 𝑈

Ensure: aggregate information at destination 𝑑

1: for each node 𝑣 in 𝑇 do:

2: while not received all messages from all children do
3: process incoming message (by switch type: 𝐵, 𝑅)

4: if needed send message to 𝑝 (𝑣) (by switch type: 𝐵, 𝑅)

functions, each one applied to a distinct operand value. In particular,

this holds true for aggregation functions computing, e.g., the count,

sum, or max/min of the values contained in the messages being

sent by the servers [20]. We leave for future work the study of more

complex functions.

In what follows we will be referring to aggregating switches as

blue nodes in 𝑇 , and to non-aggregating switches as red nodes in 𝑇 .
We denote by a non-negative integer 𝑘 our budget, which serves

as an upper bound on the number of blue nodes allowed in 𝑇 . We

will usually refer to𝑈 ⊆ Λ as the set of blue nodes in𝑇 and require

that |𝑈 | ≤ 𝑘 .

Given a weighted tree network 𝑇 = (𝑉 , 𝐸,𝜔) with a network

load 𝐿 : S ↦→ N, and a set of blue nodes 𝑈 ⊆ Λ, we consider a
simple Reduce operation on 𝑇 as detailed in Algorithm 1. Every

switch in the tree processes all messages received from its children

and forwards message(s) to its parent. Every blue node (i.e., a node

in𝑈 ) is an aggregation switch and all other switches (i.e., nodes not

in𝑈 ) are non-aggregation switches. The operation ends when the

destination receives the overall (possibly aggregated) information

from all the nodes that have a strictly positive load.

For every link 𝑒 = (𝑠, 𝑝 (𝑠)) in 𝐸, we then define the link message
cost msg𝑒 (𝑇, 𝐿,𝑈 ) as the number of messages traversing link 𝑒 ,

given the Reduce operation on 𝑇 , 𝐿, and𝑈 . We further define the

network utilization cost (or the utilization complexity) as the total

transition time associated with the Reduce operation on 𝑇 ,𝑈 and

𝐿 to be

𝜙 (𝑇, 𝐿,𝑈 ) =
∑
𝑒∈𝐸

msg𝑒 (𝑇, 𝐿,𝑈 ) · 𝜌 (𝑒) . (1)

The network utilization complexity measures the total (or equiv-

alently, the average) transmission time of all links in performing

the Reduce operation.

In this paper we study the Bounded In-network Computing (𝐵𝐼𝐶)
allocation problem which tries to minimize the network utilization

cost. We refer to this problem as the 𝜙-𝐵𝐼𝐶 problem, which is

formally defined as follows:

Definition 2.1 (𝜙-𝐵𝐼𝐶). Given aweighted tree network𝑇 = (𝑉 , 𝐸,𝜔),
a network load 𝐿 : S ↦→ N, a set of available switches Λ, and a bud-

get 𝑘 , the 𝜙-𝐵𝐼𝐶 problem is finding a set of switches 𝑈 ⊆ Λ of size

at most 𝑘 that minimizes the utilization cost 𝜙 (𝑇, 𝐿,𝑈 ). Formally,

𝜙-𝐵𝐼𝐶 (𝑇, 𝐿,Λ, 𝑘) = min

𝑈 ⊆Λ, |𝑈 |=𝑘
𝜙 (𝑇, 𝐿,𝑈 ) . (2)

Clearly, one can use a brute-force approach, considering all possi-

ble Θ(𝑛𝑘 ) subsets of size 𝑘 . Although this approach may work well

for a small constant 𝑘 , such enumeration would result in exorbitant

running time for arbitrary values of 𝑘 . In what follows we describe

and discuss our efficient solution, SOAR, to the 𝜙-𝐵𝐼𝐶 problem.
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Figure 2: Example of solutions produced by 4 allocation algo-
rithms for solving 𝜙-𝐵𝐼𝐶, with constant rates of 1, Λ = S and
𝑘 = 2 aggregation switches allowed (blue nodes). Switches
are marked by circles, the servers connected to each of the
leaf switches are depicted by a gray square noting the load of
the switch, and the destination is marked by a white square.
In each solution, each link in 𝑇 is marked by its utilization
value. Subfigures (2a), (2b), (2c), and (2d) show the solutions
produced by Top, Max, Level, and SOAR, respectively, ob-
taining network utilization costs of 27, 24, 21, and 20, respec-
tively.

3 MOTIVATING EXAMPLE
We now turn to consider a motivating example highlighting the fact

that simple, yet reasonable, approaches might fall short of finding

an optimal solution to the 𝜙-𝐵𝐼𝐶 problem. Specifically, we consider

the following three allocation strategies for determining the set of

blue nodes: (i) The Top strategy, which picks the set of 𝑘 blue nodes

as the set closest to the root. This approach targets reducing the

number of messages transmitted in the topmost part of the network,

and is motivated by the fact that failing to aggregate messages close

to the root may lead to a large number of messages being forwarded

from the root to the destination. (ii) The Max strategy, which picks

the set of blue nodes as the 𝑘 switches with the largest load. (iii) The

Level strategy, defined for complete binary trees, which aims at

partitioning the network into subtrees of similar size, where all the

messages within a subtree are aggregated. This is done by picking

a whole level in the complete binary tree as the set of blue nodes.

We consider a tree network with 𝑛 = 7 switches, inducing a

complete binary tree topology on the set of switches. All switches

are available and support aggregation, and all links have a constant

rate of 1. Servers are connected only to leaf switches. Such a topol-

ogy can be viewed as if the leaf switches are effectively top-of-rack

(ToR) switches in a small datacenter topology, where each rack ac-

commodates a distinct number of servers (or VMs). Fig. 2 provides

an illustration of the network and the load being handled. Each leaf

switch is connected to a rack of several servers where the number

of servers in the rack is marked in the gray square depicting the

rack. In particular, the load handled by the four leaf switches is

(2, 6, 5, 4) (from left to right). In our example, the maximum number

of blue switches allowed is set to 𝑘 = 2. Each link 𝑒 is marked with

the utilization cost of this link, msg𝑒 (𝑇, 𝐿,𝑈 ) · 1.
Figs. (2a), (2b), and (2c) show the results of applying strategies

Top, Max, and Level, respectively, to such a network and load. The

optimal approach, which is obtained by our proposed algorithm,

SOAR (formally described and analyzed in Sec. 4), ends up picking
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Figure 3: Example of optimal solutions (produced by SOAR)
for distinct bounds on the number of allowed blue switches
𝑘 = 1, 2, 3, 4, with network utilization costs of 35, 20, 15, 11, re-
spectively. The settings are the same as in Fig. 2. The solu-
tions for 𝑘 = 2 (Subfigure (3b)) and for 𝑘 = 3 (Subfigure (3c))
are unique. These two cases serve as an example for the fact
that the optimal sets of blue nodes for increasing values of
𝑘 are not necessarily monotone.

a non-trivial set of blue nodes as can be seen in Fig. (2d). This

allocation strictly outperforms all three contending strategies.

Fig. 3 provides examples of the optimal sets of blue nodes for

increasing values of 𝑘 . We note that in general, optimal solutions

need not be unique, and for such cases (𝑘 = 1, 4, in Figs. (3a) and (3d))

we provide one of these solutions. However, for some cases (𝑘 = 2, 3,

in Figs. (3b) and (3c)) the optimal solutions are unique. Considering

the specific optimal solutions provided for these cases, we observe

that the optimal sets of blue nodes, for increasing values of 𝑘 , are

not necessarily monotone. Namely, adding even one more blue

node to the set can change the set of blue nodes completely.

4 SOAR: AN OPTIMAL ALGORITHM
“Those who sow in tears will reap with songs of joy.”

Psalm 126:5

In this sectionwe describe our algorithm, SOAR, that produces an

optimal solution to the 𝜙-𝐵𝐼𝐶 problem.
2
The intuition underlying

our algorithm is that if we are able to optimally sow blue nodes in

the right locations, then it is possible to reap significantly improved

performance in terms of the system’s utilization complexity. The

main technical contribution of the paper is the following theorem

(we defer the formal analysis and proof to Sec. 6).

Theorem 4.1. Given a weighted tree network 𝑇 , rates 𝜔 , a load 𝐿,
availability Λ, and a bound 𝑘 on the number of allowed blue switches,
algorithm SOAR solves the 𝜙-𝐵𝐼𝐶 problem in time 𝑂 (𝑛 · ℎ(𝑇 ) · 𝑘2).

Before describing the algorithm we first provide some insight as

to the structure induced by any solution, and the long-range effect

of having a sequence of red nodes along a path. These serve to

provide a better understanding of our objective function 𝜙 (𝑇, 𝐿,𝑈 )
capturing the utilization cost of the system.

2
SOAR stands for SOw-And-Reap.
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Figure 4: Example of the barrier perspective using tree-
decomposition. The settings are the same as in Fig. 2.

4.1 Re-formulating the Utilization Complexity:
A Barrier Perspective

When considering the 𝜙-𝐵𝐼𝐶 problem, one can view any solution𝑈

as inducing a tree partitioning, such that while scanning the nodes

from the leaves towards the root, for every blue node 𝑣 ∈ 𝑈 that

has no blue nodes in its subtree, we can detach the subtree rooted

at 𝑣 from the tree. Such a blue node 𝑣 then becomes a leaf in the

remaining tree, where its load is set to 1 in that tree. The overall

utilization cost in the original tree is simply the sum of utilization

costs in all the subtrees thus produced. The reason for this equality

is that every blue node in the tree effectively forms a barrier between
the subtree rooted at the node, and the remaining tree above the

node. Fig. 4 provides an illustration of such a decomposition, and

the breakdown of the utilization complexity as the sum of the

utilization complexity over the subtrees. Note that in each subtree,

each node that was blue in the original network 𝑇 is either a leaf

(with load 1), or a destination.

An alternative way to view the system’s utilization complexity,

which serves as the fulcrum in our proposed algorithm, SOAR, is

considering the distance of any node 𝑣 from its closest blue ancestor
(or the destination 𝑑 , if no such blue ancestor exists). Formally, the

next lemma, which follows directly from the definition of 𝜙 in Eq. 1,

provides an alternative characterization of 𝜙 (𝑇, 𝐿,𝑈 ).

Lemma 4.2. Consider a tree network 𝑇 with load 𝐿, and consider
any set 𝑈 ⊆ 𝑇 of blue nodes. For each node 𝑣 ∈ 𝑇 let 𝑝∗𝑣 = 𝑝∗𝑣 (𝑇,𝑈 )
denote 𝑣 ’s closest blue ancestor, if one exists, or 𝑑 , otherwise. Then,

𝜙 (𝑇, 𝐿,𝑈 ) =
∑
𝑣∈𝑈

1 · 𝜌 (𝑣, 𝑝∗𝑣) +
∑
𝑣∉𝑈

𝐿(𝑣) · 𝜌 (𝑣, 𝑝∗𝑣). (3)

To illustrate Eq. (3), consider Fig. (3b). By Eq. (1), the sum over all

edges (from left to right, bottom-up) is (2+1+5+4) + (3+1) +4 = 20.

Alternatively, by Eq. (3) (considering the relevant nodes from left

to right, bottom-up) is (3 + 2) + (2 · 3 + 5 · 1 + 4 · 1) = 20.

We note that the closest blue ancestor of a node is equivalent

to the blue node serving as a barrier in our description of the tree-

decomposition induced by any set of blue nodes 𝑈 .

The alternative formulation of our objective in Eq. 3 lies at the

core of our proposed algorithm, SOAR. In particular, as we show

in the sequel, this formulation will serve to evaluate the potential

effect, in terms of utilization, of having a node colored red or blue.

Algorithm 2 SOAR(𝑇, 𝐿,Λ, 𝑘)
Require: A tree 𝑇 , load 𝐿, availability Λ, 𝑘 # of blue nodes

Ensure: 𝜙-𝐵𝐼𝐶 (𝑇, 𝐿,Λ, 𝑘)
1: run SOAR-Gather(𝑇, 𝐿,Λ, 𝑘) at each node 𝑣

⊲ gather 𝑋𝑣 and 𝑌𝑣 in bottom-up order

2: wait until destination receives 𝑋𝑟
3: run SOAR-Color(𝑘) at each node 𝑣

⊲ determine node colors in top-down order

4.2 Overview of SOAR
In this section we provide a high-level overview of SOAR, for-

mally defined in Algorithm 2, which solves the 𝜙-𝐵𝐼𝐶 problem. Our

solution is based on dynamic programming, and is split into two

phases. In the first phasewe apply algorithm SOAR-Gather, formally

defined in Algorithm 3 (in Sec. 6), for gathering the information

required for computing an optimal solution. This is followed by

the second phase where we apply algorithm SOAR-Color, formally

defined in Algorithm 4 (in Sec. 6), which traces back the actual

allocation of blue nodes along the breadcrumbs produced in the

first phase. We now provide further details as to each of the phases,

and discuss their design criteria.

SOAR-Gather. Algorithm SOAR-Gather, which effectively builds

the dynamic programming table, uses parameterized potential func-

tions, which account for the long-range effect of having red nodes

in the subtree rooted at some given node. In particular, a parameter

ℓ used in these potential functions corresponds to the possible dis-

tance of a node in the network from the closest blue ancestor (or

the destination 𝑑 , if there is no such ancestor) in the network. Since

we don’t know the coloring at this phase, we compute the potential

function for node 𝑣 and each possible value ℓ between zero and

𝐷 (𝑣). The key observation that enables us to do this efficiently is

that conditioning on a parent 𝑣 having some specific color (either

red or blue) and the value of parameter ℓ , the subtree 𝑇𝑣 can be

independently optimized from the rest of the tree.

The information gathered during the first phase provides the

breadcrumbs required for determining the allocation of blue nodes

within the network in the second phase. In particular, each node

gathers two sets of values: (i) 𝑋𝑣 , which prescribes the utilization

that would potentially be added in links further up in the tree (for

any amount 𝑖 of blue nodes being distributed in the subtree rooted

at 𝑣) until the closest blue ancestor (at distance ℓ from 𝑣), and (ii) 𝑌𝑣 ,

which registers the distinct partitioning of blue nodes to children

of 𝑣 , for any combination of number of blue nodes 𝑖 that should

be distributed in the subtree rooted at 𝑣 , any distance ℓ from 𝑣 to

its closest blue ancestor, and for both cases of whether 𝑣 is blue

or red. As we show in our proofs in Sec. 6, these partitions can

be computed efficiently. In SOAR-Gather information is gathered

while scanning the nodes of the network from the leaves upwards.

SOAR-Color. Algorithm SOAR-Color, which determines the color

of each node, either blue or red, traces an optimal path in the dy-

namic programming table calculated by SOAR-Gather. Initially, a

switch is set to be red, and this is altered only if setting the switch

to being blue implies a smaller value of the potential function
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(a) SOAR-Gather running example.
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(b) SOAR-Color running example.

Figure 5: SOAR running example

computed during the first phase, for the specific parameter corre-

sponding to the distance of that node from its nearest blue ancestor,

or from the destination 𝑑 (in case the node has no blue ancestor).

The nodes are assigned colors in this manner while scanning them

from the root downwards, where each node further alerts each of its

children as to the number of blue nodes that should be distributed

in the subtree rooted at that child. The number of blue nodes as-

signed to the subtree rooted at each child, i.e., the partitioning of

blue nodes across the subtrees of the node, is also available as one

of the outputs of SOAR-Gather.

We note that both SOAR-Gather and SOAR-Color are described

as distributed, asynchronous, algorithms, where synchronization

between nodes is maintained by waiting for specific messages to

be received from either the children of a node, or the parent of a

node. For SOAR-Gather, the leaves of the tree network𝑇 initiate the

messages carrying information upwards in the network towards

the destination server 𝑑 . For SOAR-Color, the destination server

𝑑 initiates the flow of information, by sending the bound on the

number of allowed blue switches, 𝑘 , to the root node 𝑟 .

4.3 SOAR Running Example
In this section we demonstrate a running example of SOAR. We

show how the optimal solution in Fig. (2d) was obtained. Figure (5a)

presents the data structures that SOARmanages in each node during

the SOAR-Gather phase. Every node 𝑣 maintain a table with three

dimensions, denoting possible parameters of the potential function:

(i) The number 𝑖 of possible blue nodes in its subtree, ranging from

0 to 𝑘 (columns), (ii) the possible distance ℓ from its closest blue
ancestor, if one exists, or 𝑑 , otherwise (rows), and (iii) the node color
(𝑅 or 𝐵). Fig. (5b) shows the way in which SOAR-Color tracks an

optimal path along the tables computed during the SOAR-Gather

phase.

The SOAR-Gather phase: For every node, and every combination

of these parameters, the tablemaintains theminimal total utilization

that would be incurred by the subtree 𝑇𝑣 . This includes the effect

of the color of 𝑣 on the utilization of links above 𝑣 (ℓ levels up).

These tables are calculated during the SOAR-Gather phase of the

algorithm which proceeds from the leaves towards the root, where

each node calculates the values based on the tables available at

its children. Note that a node reports only one value, for every

combination of 𝑖 and ℓ , taken as the minimum of being red or blue

(the minimum appears with its appropriate color in Fig. (5a)).

For example, consider the root 𝑟 and how 𝑟 calculates the entry

for ℓ = 1 (i.e., it is at distance 1 from its nearest blue ancestor, or

𝑑 – where in this case it is its distance from 𝑑) and it has 𝑖 = 2

blue nodes to distribute within its subtree. Assume its children

calculated their tables correctly.
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First, 𝑟 considers the case where it is colored red (𝑅) (top dotted

table in Fig. (5a)). In this case, it has 2 blue nodes to distribute in

the subtrees rooted at its children. Therefore it takes the minimum

of three possible cases, (𝐿𝐶 = 2, 𝑅𝐶 = 0), (𝐿𝐶 = 1, 𝑅𝐶 = 1) or
(𝐿𝐶 = 0, 𝑅𝐶 = 2), where 𝐿𝐶 and 𝑅𝐶 denote the number of blue

nodes to be used in the left and right child of 𝑟 , respectively. By

checking the tables of its left and right children, 𝑟 can find that

the minimum is obtained in the case where (𝐿𝐶 = 1, 𝑅𝐶 = 1).
where its left child will be colored red and will contribute 9 to the

overall utilization, and the right child will be colored blue and will

contribute 11 to the overall utilization. When checking its children

tables 𝑟 considers the entries corresponding to ℓ = 2 since 𝑟 is

assumed to be red, and its own value of ℓ is 1. So overall 𝑇𝑟 will

contribute 20 to the utilization under these settings.

The other alternative is the case where 𝑟 is colored blue (bottom

dotted table in Fig. (5a)). This leads to only two possible partitions

of remaining blue nodes across the subtrees rooted at its children,

since 𝑟 has already “used-up” one of the 𝑖 = 2 blue nodes available

in its subtree. The minimum configuration is when the left child

of 𝑟 gets to distribute the remaining blue node, (𝐿𝐶 = 1, 𝑅𝐶 = 0),
in which case the subtree rooted at this child contributes 6 to the

overall utilization (note that we consider the child’s table for ℓ = 1,

since the child is at distance 1 from its closest blue ancestor, being

the root in this case). The right child gets to distribute no blue nodes,

and thus contributes 18 to the overall utilization. The utilization

contributed by 𝑇𝑟 thus totals 25, where 6 + 18 = 24 are due to the

subtrees rooted at the children of 𝑟 , and 1 more contributed by 𝑟

since its distance to 𝑑 is one and 𝑟 is assumed to be blue. Taking

the minimum of 20 and 25, 𝑟 will report to its parent that for this

setting, (ℓ = 1, 𝑘 = 2), 𝑇𝑟 will contribute 20 to the utilization, and

its color will be red.

The SOAR-Color phase: In the next phase, the coloring is done

using SOAR-Color by tracing an optimal path over the tables gen-

erated during the SOAR-Gather phase, from the root to leaves. For

our example, the destination, 𝑑 , needs to place 𝑘 = 2 blue nodes in

the network. The utilization in this case is 20. 𝑑 passes the values

ℓ = 1 and 𝑖 = 2 (from which the minimal utilization was derived)

to its child, 𝑟 . At this point 𝑟 looks up the color corresponding to

these values in its table, and determines its own color, red in this

case. Furthermore, 𝑟 knows the number of blue nodes available

for distribution in its subtree, and its distance from its closest blue

ancestor (or𝑑 , in this case). 𝑟 can then determine the amount of blue

nodes it needs to pass on to each of its children, for distribution in

their subtrees. With this information it can recursively determine

the color of its children. Fig. (5b) shows the color and configuration

that was selected at each node (bold square) in the optimal solution

provided by SOAR.

4.4 SOAR: Practical Aspects and Limitations
While SOAR minimizes the network utilization, namely the overall

transmission time over all links, using bounded in-network com-

puting, there are various practical aspects that are related to the

implementation of our approach, and the benefits it provides. For

example, how and where should switches store the aggregated val-

ues? What are the effects of packet-loss and latency (affecting the

delivery of messages)? For line-rate aggregation, what synchroniza-

tion mechanisms are required? How can one use our solution in a

system handling multiple tenants and workloads, and what would

be the overhead of using our approach?

For the most part, these questions are applicable to most in-

network computing environments performing in-network aggre-

gation. However, some aspects are specifically more pronounced

in our model, namely, the distinction between aggregating nodes

(which wait for all incoming information before forwarding a mes-

sage), and non-aggregating nodes, which simply follow a store-

and-forward regime. We plan to study these specific aspects in

future work, as we note that these may well affect the performance

whenever significant variable delay is manifested (e.g., by inducing

an overall lower rate of information flow), and for some aggregating

functions the memory tolls may be non-negligible.

Another significant aspect related to our approach is the fact that

our model assumes that any message being transmitted throughout

the system is of size at most𝑀 . For some aggregation functions (e.g.,

bitwise-functions, or max/min), assuming such a bound is quite rea-

sonable as it can be determined by the maximum size of a message

generated by the servers. The optimality of SOAR relies on this

assumption. However, for other functions, performing aggregation,

and furthermore doing so repeatedly, might result in a message

size increase that may be proportional to, or at least monotone

with, the size of the workload (e.g., sum or product functions). In

such cases, SOAR is not guaranteed to ensure optimal performance.
However, we do evaluate such effects in Sec. A, where we study

the performance of SOAR in terms of the overall number of bytes
being transmitted (which essentially take into account the effect of

increasing message size while doing in-network aggregation). Our

results show that in some cases, the decisions of SOAR allow it to

come close to a lower bound on the optimal performance possible.

Bearing the above limitations in mind, one should note that

practical solutions that address various of the above issues, are al-

ready being deployed in real systems and datacenters (e.g., Nvidia’s

SHARP [21] protocol). However, we are not aware of any such solu-

tions which handle bounded in-network computing capabilities as

in our model, nor of any solutions that are optimized for multiple

workload. Bridging the gaps between our model and solutions, and

real-life deployments, remains a significant challenge.

5 EVALUATION
In this section we describe the results of our evaluation of SOAR,

where we performed extensive simulations which provide further

insight as to its performance. In our evaluation, we examine both

the utilization complexity induced by SOAR (and at times additional

contending strategies). We also consider the byte complexity which,

is the actual network load, in bytes, imposed by performing the

Reduce operation, for real-life applications (due to space constraints,

these results appear in the appendix).

Most of our evaluation makes use of the following system charac-

teristics (unless explicitly stated otherwise). We consider complete

binary weighted trees as the underlying network, denoted by BT(𝑛),
where 𝑛 is the number of nodes in the network, including the desti-

nation server.We allow non-zero load to be placed only in the leaves

of the tree. These leaves serve as top-of-rack switches connected to
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Figure 6: SOAR vs. other strategies for distinct schemes of rates (Fig. 6a-6c), and distinct load distributions (power-law in the
top plot, uniform in the bottom plot).

servers that generate load, whereas the remaining network serves

to model the higher levels of a datacenter network which facilitates

the flow of information from the various worker servers, to the

destination server which acts as the aggregator. We consider two

distributions for the load at the leaves of the network: (i) uniform,

where the integer load of each node is picked u.a.r. in some range

[𝑥,𝑦], and (ii) power-law, where the integer load of each node is

picked from a power-law distribution. The distributions characteris-

tics are as follows; The mean of both distributions is 5, the variance

is 0.65625 and 97.1 for the uniform and the power-law, respectively.

The (min, max) values are (4, 6) and (1, 63) for the uniform and the

power-law distributions, respectively. We consider three different

rate schemes: (i) constant rates, where all link rates are equal to

1, (ii) linear rates, were 𝜔 (𝑒) increases linearly, by adding 1, from

leaf edges (rate 1) towards the root, and (iii) exponential rates, were

𝜔 (𝑒) increases by doubling (i.e., a power of 2), from leaf edges (rate

1) towards the root. Each experiment was repeated ten times, and

we present the average performance for each such set of experi-

ments. For clarity, we present error bars only where we encountered

significant variance in the results.

In most of our results, we present the normalized performance

of an algorithm, where normalization is usually with respect to

the all-red scenario. This essentially shows the cost reduction of

the specific scenario, compared to the all-red solution. I.e., if the

performance of an algorithm is 𝛼 ∈ [0, 1] in some scenario, this

means that the algorithm incurs an 𝛼 fraction of the cost of the

all-red solution when preforming Reduce in that scenario.

5.1 Comparing SOAR with Other Strategies
In this section we consider the performance of SOAR compared to

the performance of several contending strategies for solving the

𝜙-𝐵𝐼𝐶 problem. Specifically, we focus our attention on the simple

strategies described in our motivating example in Sec. 3, namely,

(i) Top, (ii) Max, and (iii) Level.

Fig. 6 presents the performance of SOAR alongside the perfor-

mance of the contending strategies in distinct rate regimes (subfig-

ures 6a-6c), for different workload distribution (top and bottom), us-

ing BT(256). We consider distinct values of 𝑘 = 1, 2, 4, 8, 16, 32, and

performance is normalized to the all-red strategy. We further plot

the performance of the all-blue solution for reference. As would be

expected, all strategies exhibit improved performance for increas-

ing values of 𝑘 , which allows for more in-network aggregation,

translating to reduced utilization complexity.

Since SOAR is optimal, it exhibits the best performance in all

scenarios. This serves to show that using SOAR ensures robustness

regardless of load distribution or link rates. However, the second-

best strategy strongly depends on the load distribution, and the

link rates. The power-law load distribution favors the Max strat-

egy, since high-load leaf-switches that perform aggregation induce

a significant reduction in overall utilization complexity. For the

uniform distribution, however, the Level strategy fares best, since

it implies load balancing the uniform loads at the leaf-switches

throughout the network. For such scenarios, the Level strategy

essentially mimics the “barrier” approach underlying the design of

SOAR, as described in Sec. 4.1. The Top strategy is the most sensi-

tive to the link rates, where having higher rates towards the root

of the network implies that performing in-network aggregation

further up provides far lesser benefits than doing so closer to the

leaves (or closer to the middle of the network).

Takeaways: SOAR can significantly outperform other strategies

across different workloads and link rates functions. A small frac-

tion of nodes with in-network processing capabilities is enough to

reduce network utilization substantially.

5.2 Multiple Workloads
In this subsection we consider the problem of handling multiple

workloads, and determining where aggregation should take place

for each such workload. Each workload is determined by its 𝐿𝑡 ,

𝑡 = 0, 1, 2, . . .. We consider the workloads as arriving in an online
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Figure 7: SOAR vs. other strategies when aggregating multiple workloads online. Subfigures represent distinct schemes of
rates (Fig. 7a-7c), and the effect of increasing the number of workloads (for switch capacity 4, top plots), and increasing the
aggregation capacity (for 32 workloads, bottom plots).

fashion, such that determining the aggregating switches for work-

load 𝐿𝑡 should be settled before handling workload 𝐿𝑡+1. We assume

each switch 𝑠 has a predetermined aggregation capacity 𝑎(𝑠) which
bounds the number of workloads for which 𝑠 can be assigned as

an aggregating switch. We let 𝑎𝑡 (𝑠) denote the residual aggregation
capacity available at 𝑠 before handling workload 𝐿𝑡 . If switch 𝑠 is

designated as an aggregation switch when handling workload 𝐿𝑡 ,

then 𝑎𝑡+1 (𝑠) = 𝑎𝑡 (𝑠) − 1, and 𝑎𝑡+1 (𝑠) = 𝑎𝑡 (𝑠) otherwise.
We consider the performance of the various strategies used in

Sec. 5.1, when applied repeatedly to the sequence of workloads

𝐿0, 𝐿1, . . ., given as input. The set of switches available for aggrega-

tion when handling workload 𝐿𝑡 is defined by Λ𝑡 = {𝑠 | 𝑎𝑡 (𝑠) > 0}.
We generate our sequence of workloads in an online fashion, by

drawing each workload from either the uniform load distribution,

or the power-law load distribution, each with probability 1/2.

In our evaluation we consider the effect of varying the aggre-

gation capacity, and the number of workloads. As a baseline we

consider the topology BT(256), with 𝑘 = 16, 𝑎(𝑠) = 4 for every

switch 𝑠 , and 32 workloads. Fig. 7 shows the performance of SOAR

compared to the performance of the various strategies described in

Sec. 3. Similarly to our results presented in Sec. 5.1, our evaluation

considers 3 scaling laws for link rates: constant (in Fig. 7a), linearly

increasing (in Fig. 7b), and exponentially increasing (in Fig. 7c).

When considering the effect of handling more workloads (Top

plot in each column), the normalized utilization ratio (compared to

that of the all-red solution) tends to increase as we handle more

workloads, and the improved performance demonstrated by SOAR

compared to the best contending strategy is more pronounced as

the weight differences across layers are smaller. We note that as the

number of workloads increases, the performance would converge

to that of the all-red configuration, regardless of the strategy being

used. This follows from the fact that the aggregation capacity is

bounded, implying that once the number of workloads is large

enough, further workloads cannot benefit from any aggregation,

and the initial benefits of aggregating the prefix of the workload

arrival sequence become marginal compared to the toll imposed by

the entire sequence.

It is instructive to note that the second-best strategy varies signif-

icantly, where for exponentially increasing rates the performance of

the Max strategy is closest to that of SOAR while for constant rates

either the performance of the Level strategy or the Top strategy

comes closest to that of SOAR.

When considering the effect of increasing the aggregation ca-

pacity at each switch, one can see that most strategies exhibit

improved performance as the aggregation capacity increases, and

SOAR exhibits the best performance across all scenarios, where

the differences are again more pronounced as the differences in

rates across levels is smaller. An exception to this performance is

exhibited by the Top strategy, which actually fares worse as ag-

gregation capacity increases. This is due to the fact that the larger

capacity enables the strategy to handle more workloads closer to

the root, which accentuates its sub-optimality. Finally, we note that

when aggregation capacity is unbounded, SOAR will produce the

optimal solution possible (for any given 𝑘) even in the online setting,
since it is optimal for every workload, and workloads are handled

separately and independently.

Takeaways, SOAR exhibits the best performance compared to

other strategies in the online settings (although it is not proven

to be optimal). Furthermore, for small switch capacity and many

workloads, SOAR obtains more considerable gains.

5.3 SOAR Run-Time Evaluation
In this section we evaluate the running-times of SOAR, SOAR-

Gather and SOAR-Color. We implemented our simulation in python

3.8 and the evaluation was done on a laptop equipped with an Intel

core i7(10875H) CPU and 32GB of RAM.

When measuring the running-time of SOAR-Gather and SOAR-

Color we conclude that the running time of SOAR-Color is faster
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Figure 8: SOAR running time

by three orders of magnitude compared to SOAR-Gather; While

SOAR-Gather runs in seconds, SOAR-Color runs in milliseconds.

In Fig 8 we present the average running time of SOAR-Gather

over ten experiments for different network sizes and values 𝑘 . The

figure shows the running time in seconds, for 𝑘 = 4, 8, 16, 32, 64,

and 128, and for network sizes 256, 512, 1024, and 2048. Following

Theorem 4.1, we can observe that the running time is indeed qua-

dratic in 𝑘 and close to linear in 𝑛 (where our results prove an upper

bound of 𝑛 log𝑛). We note Fig. 8 is in log-log scale.

We highlight that the above results apply to a serial and central-
ized implementation of SOAR-Gather on a single host, which may

require up to a few minutes for a relatively large network (2048

switches) and many aggregating nodes (128). For moderately sized

networks, or when deploying far fewer switches, the running time

of SOAR-Gather is on the order of tens of seconds, or less. We fur-

ther note that SOAR-Gather can also be implemented in a parallel
or distributed manner (along a parallel DFS-scan from leaves to the

root), which would result in a significant speedup, while requiring

more computing power to be used in parallel. We leave this topic

for future work.

6 ANALYSIS OF SOAR
6.1 Notation and Definitions
We first introduce some notation that would be used throughout

our proofs. For every node 𝑣 , we let 𝑐1, . . . , 𝑐𝐶 (𝑣) denote the children
of 𝑣 (in some arbitrary fixed order). For every𝑚 = 1, . . . ,𝐶 (𝑣) we
let 𝑇𝑚

𝑣 denote the subtree rooted at 𝑣 containing only the subtrees

rooted at children 𝑐1, . . . , 𝑐𝑚 , and let𝑇𝑚
𝑣 denote the extended subtree

of𝑇𝑚
𝑣 , which is extended by adding the link (𝑣, 𝑝 (𝑣)). We further let

𝑇𝑣 = 𝑇
𝐶 (𝑣)
𝑣 denote the subtree rooted at 𝑣 (containing all subtrees

of all children of 𝑣), and let 𝑇𝑣 be the extended subtree of 𝑇𝑣 . For a

node 𝑣 and ℓ ≤ 𝐷 (𝑣), let 𝐴ℓ
𝑣 be the ancestor at distance ℓ from 𝑣 .

For every node 𝑣 and every 𝑚 = 1, . . . ,𝐶 (𝑣), given any ℓ =

0, . . . , 𝐷 (𝑣) and any set of blue nodes 𝑈 ⊆ 𝑇𝑚
𝑣 , we consider the

(𝑣,𝑚)-potential of ℓ and𝑈 , 𝜋𝑚𝑣 (ℓ,𝑈 ), defined by

𝜋𝑚𝑣 (ℓ,𝑈 ) = ©«
∑

𝑒∈𝑇𝑚
𝑣

msg𝑒 (𝑇𝑚
𝑣 , 𝐿,𝑈 ) · 𝜌 (𝑒)ª®¬

+msg(𝑣,𝑝 (𝑣)) (𝑇𝑚
𝑣 , 𝐿,𝑈 ) · 𝜌 (𝑣, 𝐴ℓ

𝑣). (4)

and we further use 𝜋𝑣 (ℓ,𝑈 ) to denote 𝜋𝐶 (𝑣)
𝑣 (ℓ,𝑈 ). We note that the

(𝑣,𝑚)-potential is only defined for𝑈 ⊆ 𝑇𝑚
𝑣 . For ease of notation, we

will omit this explicit requirement in the remainder of this section.

Furthermore, if 𝑣 is a leaf we take 𝐶 (𝑣) = 0 which results in having

𝜋0𝑣 (ℓ,𝑈 ) = msg(𝑣,𝑝 (𝑣)) (𝑇 0

𝑣 , 𝐿,𝑈 ) · 𝜌 (𝑣, 𝐴ℓ
𝑣), (5)

Lastly, we note that by the definition of 𝜋𝑚𝑣 in Eq. (4), and the

definition of 𝜙 in Eq. (1) we have

𝜙 (𝑇, 𝐿,𝑈 ) = 𝜋𝑑 (0,𝑈 ) = 𝜋𝑟 (1,𝑈 ) . (6)

A key property of our potential function, that follows from the

above definitions, is that, conditioning on the color of 𝑣 , we can de-

compose the calculation of 𝜋𝑚𝑣 (ℓ,𝑈 ) into calculating 𝜋 for smaller

problems, as depicted by the following lemma, whose proof is omit-

ted due to space constraints, and can be found in [45].

Lemma 6.1. If 𝑣 ∈ 𝑇 is a non leaf node and 𝑈 is the set of blue
nodes, then

𝜋𝑣 (ℓ,𝑈 ) =
𝐶 (𝑣)∑
𝑚=1

𝜋𝑐𝑚 (1,𝑈 ) + 1 · 𝜌 (𝑣, 𝐴ℓ
𝑣) if 𝑣 ∈ 𝑈 (7)

𝜋𝑣 (ℓ,𝑈 ) =
𝐶 (𝑣)∑
𝑚=1

𝜋𝑐𝑚 (ℓ + 1,𝑈 ) + 𝜌 (𝑣, 𝐴ℓ
𝑣) · 𝐿(𝑣) if 𝑣 ∉ 𝑈 . (8)

6.2 Optimality of SOAR
We first consider algorithm SOAR-Gather, which gathers the re-

quired information about potentially optimal configurations. The
algorithm essentially scans the tree from the leaves towards the

root, varifying in every node along the scan the overall message

cost of the subtree rooted at that node, assuming it would end up

allocating 𝑖 blue nodes within the subtree, for all possible values

of 𝑖 . In doing so, the algorithm evaluates these costs while taking

into account all the possible distances of the node being considered

(captured by parameter ℓ) from the nearest blue ancestor or 𝑑 .

The intuition behind this approach follows from Lemma 4.2

and the partitioning-view of the solution that would eventually be

produced; The following lemma serves as the main technical tool

for proving the correctness of SOAR.

Lemma 6.2. For every node 𝑣 , every𝑚 = 1, . . . ,𝐶 (𝑣), every ℓ =

0, . . . , 𝐷 (𝑣), and every 𝑖 = 0, . . . , 𝑘 , if 𝑣 is not a leaf then 𝑌𝑚𝑣 as
computed by SOAR-Gather satisfies

𝑌𝑚𝑣 (ℓ, 𝑖, 𝑅) = min

|𝑈 |=𝑖,𝑣∉𝑈
𝜋𝑚𝑣 (ℓ,𝑈 ) (9)

𝑌𝑚𝑣 (ℓ, 𝑖, 𝐵) = min

|𝑈 |=𝑖,𝑣∈𝑈
𝜋𝑚𝑣 (ℓ,𝑈 ). (10)

Furthermore, for every node 𝑣 , every ℓ = 0, . . . , 𝐷 (𝑣), and every 𝑖 =
0, . . . , 𝑘 , 𝑋𝑣 (ℓ, 𝑖) as computed by SOAR-Gather satisfies

𝑋𝑣 (ℓ, 𝑖) = min

|𝑈 |=𝑖
𝜋𝑣 (ℓ,𝑈 ) . (11)

The lemma follows from a double induction argument on the

height of the subtree 𝑇𝑣 rooted at any node 𝑣 , and indices 𝑚 =

1, . . . ,𝐶 (𝑣) of the children of a node 𝑣 . The proof is omitted due to

space constraints, and can be found in [45].

Lemma 6.2 ensures that the values gathered and computed by

the nodes while running SOAR-Gather indeed correspond to the

configurations minimizing 𝜋𝑣 (ℓ,𝑈 ). In particular, by Eq. (6), the

3
When 𝑖 = 0 then 𝑌𝑚

𝑣 (ℓ, 𝑖, 𝐵) = ∞.
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Algorithm 3 SOAR-Gather(𝑇, 𝐿,Λ, 𝑘) at node 𝑣
Require: A tree 𝑇 ,load 𝐿, availability Λ, 𝑘 # of blue nodes

Ensure: Correct potential functions, 𝑋𝑣, 𝑌𝑣 , at each node 𝑣

1: if 𝑣 is a leaf node then
2: for ℓ = 0, . . . , 𝐷 (𝑣) do ⊲ 𝐷 (𝑣) distance of 𝑣 from root

3: 𝑋𝑣 (ℓ, 0) = 𝜌 (𝑣, 𝐴ℓ
𝑣) · 𝐿(𝑣)

4: for 𝑖 = 1, . . . , 𝑘 do
5: if 𝑣 ∈ Λ then ⊲ 𝑣 has available capacity

6: 𝑋𝑣 (ℓ, 𝑖) = 𝜌 (𝑣, 𝐴ℓ
𝑣) ⊲ 𝑣 is blue

7: else
8: 𝑋𝑣 (ℓ, 𝑖) = 𝜌 (𝑣, 𝐴ℓ

𝑣) · 𝐿(𝑣) ⊲ 𝑣 is red

9: send 𝑋𝑣 to 𝑝 (𝑣) and return ⊲ inform parent

10: wait to receive 𝑋𝑐 from each child 𝑐 of 𝑣

11: for𝑚 = 1, . . . ,𝐶 (𝑣) do
12: for ℓ = 0, . . . , 𝐷 (𝑣) do
13: for 𝑖 = 0, . . . , 𝑘 do
14: if 𝑚 = 1 then
15: if 𝑣 ∈ Λ then
16: 𝑌𝑚𝑣 (ℓ, 𝑖, 𝐵) = 𝑋𝑐𝑚 (1, 𝑖 − 1) + 𝜌 (𝑣, 𝐴ℓ

𝑣) 3

17: else
18: 𝑌𝑚𝑣 (ℓ, 𝑖, 𝐵) = ∞
19: 𝑌𝑚𝑣 (ℓ, 𝑖, 𝑅) = 𝑋𝑐𝑚 (ℓ + 1, 𝑖) + 𝜌 (𝑣, 𝐴ℓ

𝑣) · 𝐿(𝑣)
20: else
21: if 𝑣 ∈ Λ then
22: 𝑌𝑚𝑣 (ℓ, 𝑖, 𝐵) = mCost(ℓ, 𝑖, 𝑌𝑚−1

𝑣 , 𝑋𝑐𝑚 , 𝐵) 3

23: else
24: 𝑌𝑚𝑣 (ℓ, 𝑖, 𝐵) = ∞
25: 𝑌𝑚𝑣 (ℓ, 𝑖, 𝑅) = mCost(ℓ, 𝑖, 𝑌𝑚−1

𝑣 , 𝑋𝑐𝑚 , 𝑅)
26: for ℓ = 0, . . . , 𝐷 (𝑣) do
27: for 𝑖 = 0, . . . , 𝑘 do
28: 𝑋𝑣 (ℓ, 𝑖) = min

{
𝑌
𝐶 (𝑣)
𝑣 (ℓ, 𝑖, 𝐵), 𝑌𝐶 (𝑣)

𝑣 (ℓ, 𝑖, 𝑅)
}

29: send 𝑋𝑣 to 𝑝 (𝑣) and return

30: procedure mCost(ℓ, 𝑖, 𝑌𝑚−1
𝑣 , 𝑋𝑐𝑚 , color)

31: if color == 𝐵 then
32: return min

0≤ 𝑗<𝑖

[
𝑌𝑚−1
𝑣 (ℓ, 𝑖 − 𝑗, 𝐵) + 𝑋𝑐𝑚 (1, 𝑗)

]
33: else ⊲ color == 𝑅

34: return min

0≤ 𝑗≤𝑖

[
𝑌𝑚−1
𝑣 (ℓ, 𝑖 − 𝑗, 𝑅) + 𝑋𝑐𝑚 (ℓ + 1, 𝑗)

]

lemma guarantees that the value computed for 𝑋𝑑 (0, 𝑘), where
𝑑 is the destination server, is indeed the minimal utilization cost

possible using 𝑘 blue nodes.

In the second phase of SOAR, SOAR-Color essentially traces back

the allocation of blue nodes along the optimal path in the dynamic

programming performed by SOAR-Gather. The following lemma

shows that SOAR-Color indeed produces an optimal solution to the

𝜙-𝐵𝐼𝐶 problem (proof is omitted and appears in [45]).

Lemma 6.3. The set of blue nodes 𝑈 determined by SOAR-Color
minimizes the utilization complexity, and |𝑈 | ≤ 𝑘 .

The proof of Theorem 4.1 now follows immediately from com-

bining Lemma 6.2 and Lemma 6.3.

Algorithm 4 SOAR-Color(𝑘) at node 𝑣
Require: 𝑋𝑣 , 𝑌𝑣
Ensure: Optimal coloring

1: if 𝑣 is destination then
2: send (𝑘, 1) to 𝑟
3: color 𝑣 red and wait for (𝑖, ℓ∗) from 𝑝 (𝑣)

⊲ ℓ∗: distance from root or closest blue ancestor

⊲ 𝑖: number of blue noes in 𝑇𝑣
4: if 𝑣 is a leaf node and 𝑖 > 0 then
5: color 𝑣 blue and return
6: if 𝑌𝐶 (𝑣)

𝑣 (ℓ∗, 𝑖, 𝐵) < 𝑌
𝐶 (𝑣)
𝑣 (ℓ∗, 𝑖, 𝑅) then

7: color 𝑣 blue

8: ℓ∗ = 0 ⊲ reset distance to closest blue ancestor

9: for𝑚 = 𝐶 (𝑣), . . . , 2 do ⊲ children in reverse order

10: 𝑗 = mSplit(ℓ∗ + 1, 𝑖, 𝑌𝑚−1
𝑣 , 𝑋𝑐𝑚 , color of 𝑣)

11: send ( 𝑗, ℓ∗ + 1) to 𝑐𝑚
12: 𝑖 = 𝑖 − 𝑗

13: if 𝑣 is blue then ⊲ handle 𝑐1 last

14: send (𝑖 − 1, ℓ∗ + 1) to 𝑐1
15: else
16: send (𝑖, ℓ∗ + 1) to 𝑐1
17: return

18: procedure mSplit(ℓ, 𝑖, 𝑌𝑚−1
𝑣 , 𝑋𝑐𝑚 , color)

19: if color == 𝐵 then
20: return argmin

0≤ 𝑗<𝑖

[
𝑌𝑚−1
𝑣 (ℓ, 𝑖 − 𝑗, 𝐵) + 𝑋𝑐𝑚 (1, 𝑗)

]
21: else ⊲ color == 𝑅

22: return argmin

0≤ 𝑗≤𝑖

[
𝑌𝑚−1
𝑣 (ℓ, 𝑖 − 𝑗, 𝑅) + 𝑋𝑐𝑚 (ℓ + 1, 𝑗)

]

Proof of Theorem 4.1. The correctness of the algorithm fol-

lows from Lemma 6.2 and Lemma 6.3. For the running time of

SOAR, we note that it is dominated by the running time of SOAR-

Gather, which, in turn, is dominated by the for-loop in lines 12-25.

This loop is performed once for every edge (𝑣, 𝑝 (𝑣)). This gives an
overall running time of 𝑂 (𝑛 · ℎ(𝑇 ) · 𝑘) for this loop over all edges,

where in each iteration the mCost procedure is performed at most

once, implying an overall running time of 𝑂 (𝑛 · ℎ(𝑇 ) · 𝑘2). The
result follows. □

7 RELATEDWORK
Data aggregation has been studied extensively in various con-

texts [23], where significant focus was given to wireless sensor

networks [38], alongside scheduling algorithms for optimizing the

induced convergecast tree [35], and characterizing the type of func-

tions that can be efficiently aggregated [23, 58].

MapReduce [15] has proven to be a fundamental paradigm for

various applications in distributed environments. Aside from be-

ing a cornerstone of big data analytics, it is also being adopted

and incorporated into additional applications and systems, such as

large distributed databases, although at the expense of sometimes

non-negligible complexity [58]. Significant efforts were made to

improve the performance of MapReduce, including aspects related

to scheduling [60], data placement [11], and data coding [29].
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Efficiently performing distributed machine learning, and specif-

ically the task of training deep neural networks, has been a fun-

damental concern in the past decade. In particular, network bot-

tlenecks are arguably one of the major concerns when executing

such tasks [28, 52]. Various methods for improving network per-

formance and footprint in such systems have been proposed and

implemented, including sparsification, quantization, and schedul-

ing [16, 53, 57]. Furthermore, aspects pertaining to system (and

network) heterogeneity and varying network topologies have also

been shown to affect the performance of such systems [3, 54]. We

refer to a recent survey of methods and strategies for optimizing

networks for ML [39]. Of particular relevance to our work is the

efficient scaling of distributed ML using a parameter server, which

aggregates local computations, and distributes updated models dur-

ing training [27]. Using this approach has been shown to provide

significant improvements of ML training tasks, with an emphasis

on reducing the network footprint of these tasks [28, 31, 33]. Fur-

thermore, the advent of federated ML [8] has further increased the

efforts of optimizing network performance for ML tasks.

In-network Computing (INC) has recently gained a lot of atten-

tion from researchers and industry alike [41, 43]. This paradigm

is fueled by the ability to program the data plane, using, e.g., the

P4 programming language [9], alongside advances in FPGA de-

sign and performance (including SmartNICs). Such devices, which

enable performing non-trivial computation within the network

elements themselves, with minimal effects on performance (e.g.,

throughput and latency) [17], are effectively deployed by large-scale

providers [18]. Examples of such application logic implementations

include MapReduce [10, 13, 34, 43], Paxos [6, 14, 24], ML [19, 44, 56],

caching [25, 30], key-value stores [50], storage replication [26, 63],

IoT data aggregation [32], compression [51], lock management [59],

and packet-level ML [48]. Some more recent efforts target gener-

alizing INC to arbitrary functionalities [61], most predominantly

those related to network functions [46], and also studying aspects

of energy efficiency of such solutions [49]. Similar efforts are being

performed in HPC environments, with special emphasis on support

for large-scale ML tasks (e.g., Nvidia’s SHARP [21]). A recent work

[7] also studied the problem of bounded resources in in-network

computing, but the focus of the work was resource scheduling and

not optimal placement as in our work. Whereas most of these works

focus on the implementation of concrete functionalities within the

network, we consider the orthogonal network-level problem of

where should such capabilities be deployed, in order to optimize

the cumulative system performance, regardless of the specific im-

plementation and/or task to be performed.

8 DISCUSSION AND FUTUREWORK
This work considers the 𝜙-𝐵𝐼𝐶 problem, where we need to deter-

mine the location of a limited number of aggregation switches

within a tree network, so as to minimize the overall utilization

complexity of reduce operations. This problem lays at the heart

of many distributed computing use cases, most notably big data

tasks using the MapReduce paradigm, and distributed and federated

machine learning. Our work describes an optimal algorithm, SOAR,

for solving the 𝜙-𝐵𝐼𝐶 problem, and provides further insights as to

the performance of SOAR via an extensive simulation study.

A future challenging task is to develop solutions that are appli-

cable to general networks (i.e., not necessarily tree networks), thus

supporting multi-path routing. Another interesting open problem is

related to the multiple workloads scenario. The main question there

is how to distribute the aggregation capacity available throughout

the network to the various workloads being served. Specifically, ev-

ery workload might be serviced by a distinct number of aggregation

switches (i.e., there need not be a uniform 𝑘 for all workloads).

Last but not least, we expect our approach to also be effective in

designing algorithms that target minimizing the delay incurred by

the system, or minimizing the load on bottleneck links, while using

a bounded number of aggregation switches. However, our method-

ology may need to be modified significantly for such objectives,

and may require new tools and insights. We conjecture, however,

that these objectives – that of minimizing the overall utilization

complexity, and that of minimizing the overall system delay or bot-

tlenecks, are closely related, and a solution minimizing one of these

objectives is expected to perform well also for the other objectives.
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Figure 9: SOAR performance for the WC and PS use cases.

A SOAR FOR DIFFERENT APPLICATIONS
In this section we present the results of our evaluation of SOAR for

real-life applications, considering both the utilization complexity,

as well as the byte complexity.
We consider two use cases for evaluating the system: (i) big-data,

using a word-count task [1], where we make use of a Wikipedia

dump [2], with an overall of 54M words, out of which 800K are

unique. We refer to this use case as the word count (WC) use case.
(ii) distributed ML, using distributed gradient aggregation with a

parameter server [27], where worker servers independently per-

form neural-network training, over a 10K feature space, using 0.5

dropout rate [47]
4
, and send their updated gradients to a parameter

server aggregating the information.
5
We refer to this use case as

the parameter server (PS) use case.
We now turn to consider the performance of SOAR for distinct

use cases, namely, WC, and PS. We focus our attention on the case

of constant rates, which better emphasizes the differences in the

performance. We distinguish between our utilization metric (which

in the constant rate case is equivalent to the number of messages

traversing the network), and the byte complexity, where we take into
account the actual message size, and evaluate the overall number

of bytes being transmitted throughout the network over all links.

We note that our problem formulation, and our algorithm, do not

target minimizing the byte complexity.

Fig. 9 shows the results of our evaluation for the two use cases, in

the BT(256) topology, where we consider both the uniform and the

power-law load distributions, and the results are normalized to the

all-red scenario. Not surprisingly, the network utilization of both

use cases is independent of the specific reduce task being performed,

as can be seen in Fig. 9a. This is due to the fact that our model,

and in turn, SOAR, do not distinguish between the concrete details

of the use case, and considers all messages as equal. As could be

expected, the load distribution does bear an effect of the utilization,

where the performance of SOAR improves as the distribution is

more skewed (as is the case for the power-law distribution). This is

attributed to the fact that for highly asymmetric load distributions,

SOAR identifies the key points with severe load, and places blue

4
We used dropout in order to obtain more diverse network utilization results in terms

of bytes, as using all features would render the utilization complexity, and the number

of bytes sent, the same.

5
We note that our work considers solely the network load produced by such tasks,

and not the quality of the model produced, which may depend on a variety of prob-

lem characteristics. We therefore do not implement the actual neural network, but

rather consider the messages sent by the worker servers, and the aggregation of these

messages.

nodes at (or close to) such points. On the other extreme, as the

load is more evenly distributed, the judicious choices made by the

algorithm have a lesser effect on overall utilization.

Fig. 9b presents the normalized cost reduction in terms of the

byte complexity, where normalization is again done compared to

the all-red scenario. We see that both the load distribution, and

the actual application use case, affect the performance. The byte

complexity in the PS use case is very similar to the utilization. This

is due to the fact that we are using a non-negligible dropout rate

of 0.5, as is mostly advised in distributed ML. For this case the

sizes of messages traversing distinct links in the network do not

vary significantly, and message sizes increase very mildly as we

approach the root of the network. For the WC use case, the effect

of increasing message sizes is more pronounced (as also discussed

in Sec. 5.1), leading to diminished improvement in terms of byte

complexity, when compared to the utilization. However, the general

trends across distributions are still apparent.

Lastly, Fig. 9c shows the effect of having more blue nodes, when

compared with the all-blue solution. These results highlight the

effect of themessage sizes on byte complexity, where for theWC use

case the performance of SOAR comes very close to that of the all-

blue solution, already when using but a few blue nodes. In contrast,

for the PS use case the byte complexity is very closely related to the

utilization complexity (as message sizes do not vary significantly).

This is manifested by the fact that significantly more blue nodes are

required in order to come close to the performance of the all-blue

scenario. As distributed ML environments become ubiquitous, we

believe that our proposed algorithm for data aggregation within the

network can have a significant impact on the performance of such

systems. Overall, our results indicate that although message sizes

do affect the byte complexity beyond the effects manifested by the

network utilization, the ability to determine the optimal location of

a bounded number of blue nodes, as done by our algorithm, indeed

results in performance that quickly comes close to that obtained by

an unbounded solution.

Takeaways: Minimizing the network utilization reduces signifi-

cantly also the byte count. The effect of using in-network processing

can differ across different applications (e.g., WC and PS).
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